Introduction.
Consider a cylinder composed of homogeneous isotropic elastic material (Fig. 1) . The cross section is arbitrary; it may be simply or multiply connected. Body force (such as gravity) is assumed to be absent, and the sides are free. To the ends we apply any loadings which satisfy the conditions of X statical equilibrium.
As a result the cylinder undergoes a small deformation.
We ask: what is the stress and what is the displacement throughout the cylinder? Here we have a well-formulated problem in the theory of elasticity, and one of the most important from a practical standpoint. It may be called the problem of Saint Venant. It includes as special cases the problems of tension, bending by couples, torsion and flexure.
•xo Saint Venant1 ingeniously side-stepped the major difficulty of the problem by substituting a simplified problem. Of the six components of stress (the unknowns of the original problem) he set three equal to zero, and relaxed the boundary conditions on the ends of the cylinder. In his solution the terminal loadings are not arbitrarily distributed; only the total load can be arbitrarily assigned. In his solution of the tension problem, for example, the load must be uniformly distributed over the cross section.
In tension or bending by couples, Saint Venant's solution is mathematically trivial. For torsion or flexure, the mathematical high spot is a problem of Dirichlet or Neumann (determination of a function harmonic in the cross section, the values of the function, or of its normal derivative, being assigned on the boundary). Mathematicians have busied themselves through the years with general and particular methods of solution. The torsion-flexure problem has been regarded as one of the central problems in the theory of elasticity.
Mathematicians should, however, be reminded that when they speak of the "torsion-flexure problem," they have in mind Saint Venant's type of solution, in which the terminal loads are not arbitrarily distributed. Relatively little attention has been [Vol. II, No. 4 paid to more general types of solution. It is good, I think, to draw attention to the work that has been done, and to indicate possible methods of attack.
Section 2 gives the general mathematical statement of the problem of Saint Venant, and of the relaxed problems associated with it. Section 3 contains an old friend in new clothes-the Saint Venant solution in tensor notation. I believe that is worth while to give such a presentation, avoiding as far as possible the customary special choices of axes and particular integrals, in order to reveal the true mathematical structure of the solution. In Section 4 we pass beyond the Saint Venant solution, and set up the basic eigen-value problem associated with the exponential type of solution. In Section 5 we link this formulation with the solution given by Dougall for a cylinder of circular section. Section 6 contains some questions.
2. The problem of Saint Venant and the relaxed problems. Latin suffixes will have the range 0, 1, 2, and Greek suffixes the range 1,2, with the usual summation convention for repeated suffixes. Let x< be rectangular Cartesian coordinates, with the axis of xo in the direction of the generators of the cylinder. The position of the origin and the directions of the axes of X\ and xi remain arbitrary.
Let m, be the displacement and Eij (=Eji) the reduced stress, i.e., the stress divided by Young's modulus. We have the basic stress-strain relations
Here a is Poisson's ratio (a constant which may, in theory, take any value in the range -1 <<r< §), and the comma denotes partial differentiation (J,i = df/dxi)\ 5<,• is the Kronecker delta.
In any problem in elasticity, we have a choice between two methods: we can work with the displacement Ui or with the stress Eij. When the boundary conditions are given in terms of stress (as they are in the problem of Saint Venant), the relative advantages may be set down as follows: The two rival formulations of the problem of Saint Venant are set out below in (2.3) and (2.4). In each case, (a) contains the p.d.e., (b) contains the b.c. on the free sides («" are the direction cosines of the normal), and (c) contains the b.c. on the ends. Tn, Ta are the components of the assigned stress. The symbol A3 is the 3-dimensional Laplacian differential operator (A3 = d2/dx,dxj).
Saint Venant problem in terms of displacement:
(1 -2a)AsUi + Uj,a = 0; (2.3a)
(u$,o -f-mo,js)W|3 = 0, 2<jUk.kna (1 -2<r)(up,a -t" ua,p)n@ = 0; (2.3b) We may hope that, by superimposing solutions of the relaxed problem, we may succeed in satisfying the b.c. (c), either accurately or approximately.
In spite of the underdetermination, the relaxed problem is too complicated to yield to mere guessing, except for one very simple solution: Zs9»=const., £0«=0, Eap = 0. Indeed, it is usually more difficult to deal with an indeterminate problem than with a determinate one, and so we impose auxiliary conditions to replace the b.c. (c). The best-known auxiliary condition is the so-called hypothesis of Saint Venant:
This leads to the Saint Venant solution, which will be discussed in Sect. 3. Another auxiliary condition, which we may call the exponential condition, is
This is suggested by the fact that if £,■,=/,•,• satisfy the relaxed problem, then so also do Eij=fa,o■ The problem of determining solutions subject to (2.6) will be discussed in Sect. 4. Dougall2 has used the expression permanent free modes for solutions of the relaxed problem with (2.5) imposed, and transitory free modes for solutions of the relaxed problem with (2.6) imposed. (This terminology is suggested by the theory of vibrations, but of course our problem is statical.) According to Dougall, these two types of solutions are fundamental, in the sense that any solution of the relaxed problem is a linear combination of them. 3. Saint Venant's solution. Any treatise on elasticity contains a treatment of Saint Venant's solution of the relaxed problem, usually broken up into the problems of tension, bending, torsion, and flexure3 4 for pedagogic reasons. Clebsch5 appears to have been the first to see that Saint Venant's solution follows logically from (2.5). Marcolongo6 has given an elegant general treatment, using displacement as fundamental. In the following treatment, stress is used and the axes Oxixi remain completely where dn is a element of the normal na, drawn out of the material and to the right of the element ds of the bounding curve (Fig. 2) . On integrating (3.5b) around the bounding curve, and using (3.5a),
we find that dPp/dn = -d+P/dn + d+P/ds, dQ/dn = dxw/ds. (3.14)
The determination of the vector Pp constitutes the flexure problem, and the determination of Q the torsion problem. Since A(r2;ta) =&x:a, A(rJ)=4, where r2=xpxp, particular solutions of (3.13) are
given by = r*xp/8 -r%/4, ' (3.15) (1 + a)\p{pl> = or2eeyXy/8, x(1) = r*/ 4.
The determination of the displacement in terms of (3.2) and (3.10) in this general notation is interesting, because it reveals why the components u" are independent of the solution of the Neumann problem (3.11). Using (2.5) in (2.1), we have and so, since \pw satisfies (3.5a),
(1 + a)(E"o,fi -Ego,a) = -eafi(orelt,AllXy + C).
(3.21)
We now use this equation to sbustitute for Ego,a in (3.18). When we do so, the linear expression on the right must be a partial derivative with respect to xg. Now if Fag...,, is a single-valued homogeneous function of degree n in x\, x-i, it follows from Euler where h is constant. By virtue of the p.d.e. (3.5a) satisfied by this integral has the same value for reconcilable paths. But we have no guarantee that it has the same value for irreconcilable paths in the case of a multiply connected section. To secure a single valued displacement, we should choose for i^(1) a function which satisfies the p.d.e. (3.5a) throughout the whole interior of the outer boundary. We may, for example, use the expression given in (3.12), (3.15).
The equations (3.19) determine fa to within a plane rigid body displacement, and so fa = <r(%Bar2 -XaByXy -Bxa) + ktayXy + ka, (3.25)
where ka, k are constants.
To find the displacement, we substitute for/o from (3.24) in the first of (3.17), and so obtain u0. It involves the solution of the Neumann problem, since P appears in (3.24). To find ua, we substitute in the second of (3.17). There are two substitutions, one for/o,a -2(l+o-)£ao from (3.23), and the other for/" from (3.25). We see that P does not occur, and thus we verify the well known fact that the lateral displacement is independent of the solution of the Neumann problem.
4. The exponential type of solution. Let us now investigate the solution of the relaxed problem with the auxiliary condition (2.6). Since stress determines displacement to within a rigid body displacement (which we shall omit), we may write for the corresponding displacement Ui = elz°Vt{x\, Xz). Once more we have a choice between two methods-displacement and stressand we shall choose displacement.
When we substitute from (4.1) in (2.3a, b), the equations reduce to it is the dilatation, to within a factor. Inspection of (4.2) shows that we have before us an eigen-value problem of considerable complexity. The system will (presumably) be consistent only for certain values of k. There is no objection to complex eigen-values, with complex solutions for V, va, and the corresponding stress. Denoting complex conjugates by bars, we should take in such cases for the real displacement and stress
If k is an eigen-value of (4.2), so also are -k and ± k. In fact, the eigen-values occur in sets of two if they are real or purely imaginary, and in sets of four if complex. By a simple and ingenious argument, Dougall® has shown that the system (4.2) has no purely imaginary eigen-values. A purely imaginary k implies a periodic distribution of displacement and stress. Consider the energy in a length of cylinder equal to this period. It is equal to the work done by the terminal stress in passing from the natural state to the strained state. But, from the periodicity, this is zero. Hence, the energy of a strained state is zero, which is contrary to a basic postulate of elasticity. Hence there can be no purely imaginary eigen-value k. It should be added that we cannot assert this if a is arbitrary. It is necessarily true only if strain-energy is positivedefinite, i.e., if -1
In many problems in applied mathematics, harmonic functions play a fundamental role. In our problem (4.2) that role is taken over by plane wave functions, where by a wave function f(xi, *2) we mean a solution of (A+£*)/ = (). We note that V is a wave function, but »« is not.
We can, however, easily reduce the unknowns to wave functions by writing va = w" + w*a, (4.5)
where w*a is any particular solution of (A + k*)w* = -V.m. (1 -2o-)F,g«0 + Ww^nn -Wp4j7«7 + k2-w^ -w^jyny = 0.
In simplifying the p.d.e., we have complicated the b.c.
(4.9b) [Vol. II, No. 4 In dealing with Saint Venant's solution, we found it advisable to pass in (3.4) from a vector to two invariants. The same procedure will be pursued here. We shall make use of the following fact -.Given a vector wave function wa, there exist wave functions <t>, such that Wa -<t>,a -tay^.y, (4. 10) and <j>, \f/ are unique.
To prove this, we have merely to put <t> = -k~2Wfi,l5, ^ = k-\yW^,,. 11) It is easy to verify that these satisfy (4.10), by virtue of the wave character of wa. As for uniqueness, we can add to <j), \p only functions <£(1), ^(1) such that is an analytic function of X\-\-ixi. Thus <£(1), \pa) are simultaneously wave functions and harmonic functions; therefore they vanish.
Let us now transform the b.c. (4.9b). Let C (Fig. 2) be the boundary curve of the cross section. Let ta=dxa/ds. Then
where k is the curvature of C, positive if C bends away from na. We may replace the first of (4.9b) by two invariant equations, obtained by multiplying by m0. ta, respectively. a« a« a«
Here iua* is any particular solution of (4.6).
If we choose w* as in (4.7), we may substitute in (4.17b): The first equation has an infinite sequence of real roots; the second has an infinite sequence of complex roots. Dougall states (p. 902) that for every m, (5.5) has an infinite number of real roots and an infinite number of complex roots (but no purely imaginary roots, as pointed out earlier).
For other work bearing on the circular section, reference may be made to Poch-Wolf,20 Barton.21 Barton makes use of the general Papcovitch22-Neuber23,24 solution of (2.3a), viz., Ui = ~ -r ~-(xtfj + <t>)< (5.8) 4 (1 -a) dXi where A3^, = 0, A3$ = 0. Any solution of (2.3a) may be so expressed, but it seems that for present purposes Dougall's expressions (4.20) are more convenient. 6. Conclusion. The method of Dougall can be extended to a pipe, i.e., a section bounded by two concentric circles. Here are some questions: 1) Are there any other sections which can be solved by simple extensions of the method used for the circle? 2) Do eigen-values exist under reasonably general assumptions regarding the smoothness of the boundary curve? 3) Is there always a set of real eigen-values, or is that a peculiarity of the circle? 4) Write k=p-\-iq, and let m be the least value of | p | in the sequence of eigenvalues for a given section. Then m2S, where S is the area of the section, depends only on the shape of the section. For arbitrary sections, miS forms a positive sequence. Is it bounded below, and, if so, what is the lower bound? This last question is very interesting from a practical point of view, because | p | represents the rate at which end effects decay as we pass along the cylinder. The greater \p\, the more rapid the decay. Engineers are worried by end effects, because the Saint Venant solution gives no information about them. The assignment of such a lower bound might be more valuable than the description of a complicated process for the evaluation of eigen-values.
